A characterization of congruences in free semigroups is presented.
Semigroups
In this, and the next four sections, we recall for convenience of notation and terminology several basic concepts and constructions related to semigroups, [1, 2] . The characterization of congruences in free semigroups is presented in section 6. This seemingly new result has recently had important applications which are published elsewhere.
A semigroup is a structure (S, ⋆), where S is a nonvoid set and ⋆ : S × S −→ S is a binary operation on S which is associative, that is, it satisfies the condition (1.1) ⋆(u, ⋆(v, w)) = ⋆(⋆(u, v), w), u, v, w ∈ S Here we recall that it is customary to denote ⋆(u, v) simply by u ⋆ v, for u, v ∈ S. Consequently, the above associativity condition is equivalent with (1.2) u ⋆ (v ⋆ w) = (u ⋆ v) ⋆ w, u, v, w ∈ S We note that semigroups need not always have to be commutative, or have neutral elements.
A fundamental concept which can relate semigroups to one another is recalled now. Given two semigroups (S, ⋆) and (T, ⋄), a mapping f : S −→ T is called a homomorphism, if and only if
If such a homomorphism f is injective, then it is called a monomorphism. In case a homomorphism f is surjective, then it is called an epimorphism. And if a homomorphism f is surjective and it also has an inverse mapping f −1 : T −→ S which is again a homomorphism, then it is called an isomorphism. It follows that isomorphic semigroups are identical for all purposes, and they only differ in the notation of their elements, or of the semigroups themselves.
Free Semigroups
Free semigroups are of fundamental importance since, as indicated in Proposition 2.1. below, all semigroups can be obtained from them in a natural manner.
Given any nonvoid set E, we denote by E + the set of all finite sequences (2.1) a 1 , a 2 , . . . , a n where n ≥ 1 and a i ∈ E, with 1 ≤ i ≤ n. Further, we define on E + the binary operation * as follows (2.2) (a 1 , a 2 , . . . , a n ) * (b 1 , b 2 , . . . , b m ) = a 1 , a 2 , . . . , a n , b 1 , b 2 , . . . , b m that is, simply by the juxtaposition of sequences in E + . Then it is easy to see that (2. 3) (E + , * ) is a semigroup since * is obviously associative. However, if E has at least two elements, then * is clearly not commutative. Also, the semigroup (E + , * ) does not have a neutral element, regardless of the number of elements in E.
A consequence of the associativity of * is that the elements of the semigroup E + can be written in the following form which is alternative to (2.1), namely (2.4) a 1 * a 2 * . . . * a n where n ≥ 1 and a i ∈ E, with 1 ≤ i ≤ n.
The semigroup (E + , * ) is called the free semigroup on E, and the meaning of that term will result from the two important properties presented next.
First, the mapping
is injective, and obviously, it is never surjective.
Second, the free semigroup (E + , * ) on E has the following universality property. Given any semigroup (S, ⋆) and any mapping j : E −→ S, there exists a unique homomorphism f :
or in other words, the diagram commutes (2.7)
The above universality property of semigroups has an important immediate consequence, namely
Every semigroup is the homomorphic image of a free semigroup.
Proof.
Let (S, ⋆) be a semigroup, then we can take E = S and j = id S in (2.7), and obtain the commutative diagram
However, in view of (2.6), obviously f is surjective. Thus S is indeed the homomorphic image of the free semigroup S + .
Quotient Constructions
Let E be a nonvoid set and ≈ an equivalence relation on E. Then the quotient set
is defined as having the elements given by the cosets
thus each coset (a) ≈ is the set of all elements b ∈ E which are equivalent with a with respect to ≈. The coset (a) ≈ is also called the equivalence class of a with respect to the equivalence relation ≈. It follows that the mapping
is surjective, and it is called the canonical quotient mapping.
A useful way to obtain equivalence relations on any given set E is through the construction called transitive closure. Namely, given any family (≡ i ) i∈I of symmetric binary relations on E, then we define the equivalence relation ≡ on E as follows. If a, b ∈ E, then . . , c n ∈ E, i 1 , i 2 , i 3 , . . . , i n ∈ I, with n ≥ 1, such that
It is convenient to identify any binary relation r on a nonvoid set E with the subset of E × E given by
It follows easily that the transitive closure of the family (≡ i ) i∈I of symmetric binary relations on E is the same with the transitive closure of the corresponding single symmetric binary relation ≡ on E given by
In general, for a symmetric binary relation r on E, we shall denote by r tc its transitive closure.
An alternative and equivalent way to construct quotient spaces is through partitions. Given a partition of E by the family E = (E i ) i∈I of subsets of E. Then one can associate with it an equivalence relation ≈ E on E, defined for a, b ∈ E, by
Obviously, in this case we have for a ∈ E and i ∈ I (3.9) a ∈ E i ⇐⇒ E i = (a) ≈ E in other words, the equivalence class (a) ≈ E of a with respect to ≈ E is precisely the set E i in the partition E to which a belongs. Consequently
Congruences
Let (S, ⋆) be any semigroup. An equivalence relation ≈ on S is called a congruence on (S, ⋆), if and only if it is compatible with the semigroup operation ⋆ in the following sense
The importance of such a congruence is that the resulting quotient S/ ≈ of S leads again to a semigroup, namely
where the binary operation ⋄ on S/ ≈ is defined by
also, the canonical quotient mapping, see (3.4)
is a surjective homomorphism, thus an epimorphism.
Furthermore, let (S, ⋆) and (T, ⋄) be two semigroups and f : S −→ T a morphism between them. Then the binary relation on S given by
is a congruence on (S, ⋆), and there exists a monomorphism g :
which means that the diagram commutes (4.7)
Given now a partition S = (S i ) i∈I of S, then in view of (3.8) -(3.10), it leads to an equivalence relation ≈ S on S. Indeed, in view of (4.1), it is obvious that the equivalence relation ≈ S on S will be a congruence on (S, ⋆), if and only if, for every i ∈ I, u, v ∈ S i , w ∈ S, we have
The Case of Commutative Semigroups
Let (E + , * ) be the free semigroup generated by the nonvoid set E, see (2.3). Given two sequences, see (2.4)
if and only if the two sequences are the same, or differ by a permutation of their elements. Then obviously ≈ is an equivalence relation on E + which is also a congruence on (E + , * ). It follows that If (S, * ) is a commutative semigroup, then it is the homomorphic image of (S + , * )/ ≈ through the mapping
where a 1 , . . . , a n ∈ S.
Congruences on Free Semigroups
Given a nonvoid set E, let (E + , * ) be the corresponding free semigroup, as in (2.3) above. Further, let ≈ be an equivalence relation on E + . Then it follows easily that ≈ is a congruence on E + , if and only if, for every a ∈ E, u, v ∈ E + , we have
We associate with ≈ the binary relation ≈ min on E + as follows. Given u, v ∈ E + , then u ≈ min v, if and only if u ≈ v, while neither of the following two relations holds
Obviously (6.4) ≈ min ⊆ ≈ and ≈ min is symmetric also, we have the following weak version of reflexivity for ≈ min (6.5) a ≈ min a, a ∈ E Moreover, if u, v ∈ E + and u ≈ v, then in view of (6.2), (6.3), we have
for suitable a 1 . . . a n , b 1 . . . b m ∈ E, with n, m ≥ 0, and
In view of (6.6), we introduce two concepts. A given arbitrary binary relation r ⊆ E + × E + is called invariant, if an only if for every a ∈ E, u, v ∈ E + , we have, see (6.1) (6.10) u r v =⇒ au r av, ua r va
Further, the binary relation r ic ⊆ E + × E + , called invariant closure of r, is defined as follows. For u, v ∈ E + we have u r ic v, if and only if
for suitable a 1 . . . a n , b 1 . . . b m ∈ E, with n, m ≥ 0, and u ′ , v ′ ∈ E + .
Lemma 6.1.
For any equivalence relation ≈ on E + we have (6.12)
Proof.
The inclusion ≈ ⊆ ≈ ic min follows clearly from (6.6).
Given now u, v ∈ E + , with u ≈ tc min v, then (3.4), (3.5) lead to u = v, or alternatively to (6.13) u = z 1 ≈ min . . . ≈ min z n = v for some z 1 , . . . , z n ∈ E + . And then (6.4) implies (6.14) u = z 1 ≈ . . . ≈ z n = v thus u ≈ v.
And now, we obtain the characterization in Theorem 6.1.
The equivalence relation ≈ is a congruence on the free semigroup (E + , * ), if and only if it is the invariant closure of ≈ min , namely Proof.
If the equality (6.15) holds, then ≈ is obviously a congruence, in view of (6.1), (6.11).
Conversely, let us assume that the equivalence relation ≈ is a congruence on the free semigroup (E + , * ). The (6.1), (6.11) and (6.12) imply (6.15).
